For any given C -smooth initial open curves with xed position and xed tangent at the boundary points, we obtain the long-time existence of smooth solutions under the second-order evolution of plane curves. Moreover, the asymptotic limit of a convergent subsequence is an inextensible elastica.
Introduction
This article is a resume of the preprint in [8] .
Geometric ows of elastic curves have been studied in various settings, for example, the type of th-order parabolic PDE of closed curves with a positive stretching coe cient [5] , [6] , [11] , [13] ; the th-order parabolic PDE of open curves with a positive stretching coe cient and clamped ends [7] ; the th-order parabolic PDE of open curves of Willmore-Helfrich type with a positive stretching coe cient and hinged ends [4] ; the th-order parabolic PDE of open curves with xed total length and with hinged or clamped ends [2] , [3] ; the th-order parabolic PDE of open and inextensible plane curves with hinged ends or in nite length [10] . Among these geometric ows, various boundary conditions create di erent level of di culty in deriving long-time smooth solutions. In this article, we investigate the second-order geometric ow of elastic curves in R with clamped ends by considering the gradient ow of the tangent indicatrices of curves. Namely, let T :Ī ×[ , t ) → S ( ) ⊂ R , t > , I := ( , L) be the tangent indicatrices of a continuous family of plane curves and ful ll
where ∇s denotes the covariant di erentiation de ned by ∇s g = ∂s g − ∂s g, T T, n denotes the unit vector in R derived from the counterclockwise rotation of T by degrees (representing the unit normal vectors of plane curves), and λ = λ(t) is the Lagrange multiplier de ned by
To the best our knowledge, (1.1) was rst investigated by Wen in [12] for the case of closed curves. We extended the study of [12] to the case of open curves with hinged ends in [9] . The solutions of (1.1) give an alternative way of evolving plane inextensible curves, instead of fourth-order parabolic equation. There are remarkable properties for smooth solutions of (1.1), e.g., convexity-preserving and non-increasing of the number of in ection points during the evolution (see [1] , [12] ). These geometric properties also appear in curveshortening ow of plane curves and could be useful in applications (e.g., using nonlinear splines for interpolation of data). The short-time existence of smooth solutions for the L -ow (1.1) with hinged ends and C -smooth initial datum (which give C -smooth initial curves) was derived in [9] by using the periodicity property of entire solutions. Namely, if we periodically extend the initial datum with hinged boundary conditions from an interval to R and consider the L -ow over R, then the hinged boundary conditions would still hold as long as the su ciently smooth solutions exist. However, this property no longer holds for the case of clamped boundary conditions. Therefore we have to nd a di erent strategy to derive short-time smooth solutions in this article. Namely, we use an implicit formula of solutions represented by volume potentials and surface potentials, and apply xed point theorem in suitable functional spaces to obtain C ,α -smooth solutions. Then, we use boot-strapping argument to obtain C ∞ -smoothness.
The long-time smooth solutions for the L -ow (1.1) with hinged ends and C -smooth initial datum was derived in [9] by applying the Gagliardo-Nirenberg type interpolation inequalities to the estimates of Lnorms of high-order derivatives of curvature. The hinged boundary conditions provide good algebraic structures in applying integration by parts and the Gagliardo-Nirenberg type interpolation inequalities to the higher-order energy estimates. However, in the case of clamped boundary conditions, we can't use the same trick to estimate terms associated to the boundary and terms involving the derivatives of λ, in the case of clamped ends. Instead, we follow the approach in [7] to estimate [9] . This approach simpli es calculation of boundary terms coming from integration by parts in the estimates of
The main results
The bending energy of plane curves is de ned by
where κ represents the curvature vector of a plane curve. When a smooth and regular plane curve f :Ī → R is a critical point of the bending energy, it is said to be inextensible if its perturbation class is restricted to
The family of inextensible plane curves with xed length L and xed end points p−, p+ can be equivalently described by a family of tangent indicatrices. Namely, let
Note that if the family of tangent indicatrices { T(·, ε) : ε ∈ (− , )} ⊂ A L also ful lls the constraint
then the fundamental theorem of plane curves allows us to construct a family of inextensible plane curves with xed length L and xed end points p−, p+ from the family. Let the functionals F L and F L,∆p : A L → R be de ned by
and 
To obtain the short-time existence, it would be easier to convert the evolution (1.1) into a scalar PDE,
where T = (cos φ, sin φ) and h • φ = λ sin φ − λ cos φ.
Theorem 1 (the short-time existence for clamped boundary condition). For a given non-constant function φ ∈ C ([ , L]), there exists a positive time t > and a classical solution φ with the regularity, φ, ∂s φ
The existence of short-time solutions relies on the theory of linear parabolic equations, the estimates of potential functions, and the construction of a contraction map over a proper functional space. In fact, the clamped boundary condition allows us to subtract the modi ed initial data such that only the estimates of volume potential play the crucial role in the contraction map. Let
. Equip this space with the norm M) is a complete metric space. In [8] , it is shown that the short-time existence of the ow (2.8) with the clamped boundary condition could be treated as the xed point problem of the map Gφ ,
is a modi ed initial data taking care the clamped boundary data, G is the Green's functions with respect to Dirichlet boundary condition de ned by The long-time existence is argued by contradiction, based on the short-time existence of smooth solutions in a small time interval. Namely, we assume by contradiction that the solution to (1.1)-(1.3) does not exist globally in time. Assume t ∈ ( , ∞) is the maximal time. We then prove that, for any m ∈ N, ||∇ m t || L is uniformly bounded in t ∈ ( , t ) and hence T can be smoothly extended to time bigger than t , yielding a contradiction.
Finally, we have the following corollary of Theorem 2 by applying the fundamental theorem of plane curves. Moreover, the inextensible motion will sub-converge to an inextensible elastica f∞, i.e., the curve f∞ is an equilibrium con guration of the bending energy E given in (2.1) with the clamped boundary conditions among the class of inextensible curves D f de ned in (2.2) .
